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Abstract
Recent many physicists suggest that the dark energy in the universe might result from
the Born-Infeld(B-I) type scalar field of string theory. The universe of B-I type scalar field
with potential can undergo a phase of accelerating expansion. The corresponding equation
of state parameter lies in the range of −1 < ω < −1
3
. The equation of state parameter of
B-I type scalar field without potential lies in the range of 0 ≤ ω ≤ 1. We find that weak
energy condition and strong energy condition are violated for phantom B-I type scalar field.
The equation of state parameter lies in the range of ω < −1.
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1 Introduction
Evidence that the universe is undergoing a phase of accelerating expansion at the present
epoch continues to grow. This not only can be inferred by accelerating dynamics in high
redshift surveys of Ia type supernovae[1], but also now it is independently implied from seven
cosmic microwave background experiments(including the latest WMAP)[2], The favoured
explanation for this behavior is that the universe is presently dominated by some form of dark
energy density, contribution up to 70% of the critical energy density, with the remaining 30%
comprised of clumpy baryonic and non-baryonic dark matter. One of the central questions in
cosmology today is the origin of the dark energy. Many candidates for dark energy have been
proposed so far to fit the current observations. Among these models, the most important one
is a self-interacting scalar field with a potential and thereby acts as a negative pressure source,
referred to as ”quintessence”[3]. This paradigm has caused attentions because a wide class
of models exhibits tracking behavior at late time, where the dynamics of the field becomes
independent of its initial conditions in early universe. In principle, this may resolve the fine-
tuning inherent problem in dark energy models purely based on a cosmological constant. The
major difference among these models is that different model predicts dissimilar equation of
state of the dark energy, thus different cosmology is predicted. Especially, for these models,
the equations of state parameter are confined within the range of −1 < ω = p
q
< −1
3
,
which can drive the conclusion of accelerating expansion of the universe. However, some
analysis of the observation data hold that the range of the equation of state parameter may
not always be greater than −1 . In fact, they can lie in the range of −1.48 < ω < −0.72
[4]. It is obvious that the equation of state of conventional quintessence models based on
a scalar field with positive kinetic energy can not evolve into the range of ω < −1, and
therefore, some authors[5] investigated phantom field models that possess negative kinetic
energy and can realize ω < −1 in their evolution. It is true that the field theory with
negative kinetic energy poses a challenge to the widely accepted energy condition and leads
to a rapid vacuum decay[6], but it is still very important to study these models, in some sense
that is phenomenologically interesting.
On the other hand, the role of tachyon field in string theory in cosmology has been widely
studied[5]. It shows that the tachyon can be described by a Born-Infeld (B-I)type lagrangian
resulting from string theory. It is clear that the lagrangian
1
η
[1−
√
1− ηgµνϕ, µϕ, ν ]− u(ϕ)
2
is equivalent formally to the tachyon type lagrangian −1
η
√
1− gµνΦ, µΦ, ν with a potential[
1
η
− u(ϕ)
]
, where re-scale the scalar field as Φ = (η)1/2ϕ. In this paper we consider cos-
mology of B-I type scalar field. The paper is organized as follows: In sec.2, we consider B-I
type Lagrangian of scalar field without a potential. We obtain 0 < ω < 1. In sec.3, the B-I
type Lagrangian of scalar field with a potential is considered. We find that potential u(ϕ) is
greater than
1
η
, and the kinetic energy of B-I scalar field is smaller than
1
3η
, thus we obtain
−1 < ω < −1/3. In sec.4, the phantom with B-I Lagrangian is considered. We find that weak
energy condition and strong energy condition are violated for phantom B-I type scalar field
with potential. The equation of state parameter lies in the range ω < −1. Sec.5 is Summary.
2 The Model with B-I Lagrangian
1
η
[1− √1− ηgµνϕ, µϕ, ν]
In 1934[7], Born and Infeld put forward a theory of non-linear electromagnetic field. The
lagrangian density is
LBI = b
2
[
1−
√
1− ( 1
2b2
)FµνFµν
]
(2− 1)
The lagrangian density for a B-I type scalar field is
LS =
1
η
[
1−
√
1− ηgµνϕ, µϕ, ν
]
(2− 2)
Eq.(2-2) is equivalent to the tochyon lagrangian [−V (ϕ)√1− gµνϕ, µϕ, ν + Λ] if V (ϕ) = 1
η
and cosmological constant Λ =
1
η
(
1
η
is two times as ”critical” kinetic energy of ϕ field).
The lagrangian (2-2) possesses some interesting characteristics, it is exceptional in the sense
that shock waves do not develop under smooth or continuous initial conditions and because
nonsingular scalar field solution can be generated[8]. When η → 0, by Taylor expansion,
Eq.(2-2) approximates to the lagrangian of linear scalar field.
lim
η→0
LS =
1
2
gµνϕ, µϕ, ν (2− 3)
A quantum model of gravitation interacting with a lagrangian (2-2) of B-I type scalar has
been considered by us. We obtained the Wheeler-Dewitt equation of B-I scalar field and found
the wave function of the universe. An inflationary universe, with the largest possible vacuum
energy and the largest interaction between the particles of B-I scalar field[9], is predicted.
Next we consider classical cosmology. For the spatially homogeneous scalar field, Eq.(2-2)
3
becomes
LS =
1
η
[
1−
√
1− ηϕ˙2
]
(2− 4)
In the spatially flat Robertson-Walker metric ds2 = dt2 − a2(t)(dx2 + d2y + d2z), Einstein
equation Gµν = KTµν can be written as
(
a˙
a
)2
=
K
3
T 00 (2− 5)
2
a¨
a
+
(
a˙
a
)2
= KT 11 = KT
2
2 = KT
3
3 (2− 6)
Substituting Eq.(2-5) into Eq.(2-6), we get
a¨
a
= −K
3
(T 00 − 3T 11 ) (2− 7)
where
T µν =
gµρϕ, νϕ, ρ√
1− ηgµνϕ, µϕ, ν − δ
µ
νLS (2− 8)
The energy density ρs = T
0
0 and pressure ps = −T ii are defined as following:
ρs = T
0
0 =
ϕ˙2
1− ηϕ˙2 − Ls (2− 9)
ps = −T ii =
1
η
[1−
√
1− ηϕ˙2] (2− 10)
where the upper index ”.” denotes the derivative with respect to t.
The equation of motion of scalar field ϕ is
1√−g
∂
∂xν
[ √−ggµνϕ, µ√
1− ηgµνϕ, µϕ, ν
]
= 0 (2− 11)
The scalar field ϕ only depends on t. From Eq.(2-11), we can obtain
ϕ˙ =
c√
a6 + ηc2
(2− 12)
where c is integral constant. When a(t) = 0, the kinetic energy ϕ˙2 =
1
η
is critical maximum.
From Eqs.(2-5),(2-7),(2-9),(2-10),(2-12) we get
(
a˙
a
)2
=
K
3η
[
√
1 + ηc2a−6 − 1] (2− 13)
a¨ = −K
3η
[
2− 2a
6 − ηc2
a3
√
a6 + ηc2
]
(2− 14)
4
From Eq.(2-14) we can find that a¨ is always smaller than zero , no matter what the value of
a(t) is. When a→∞, then a¨→ 0. It shows that the universe starts with decelerated regime
and gradually enters the zero acceleration. From Eq.(2-13) we get
a˙ =
√
K
3η
[
a2
√
1 + ηc2a−6 − a2
]
(2− 15)
By Eq.(2-15), then we can find that the minimum of a(t) is zero, assume a(t) |t=0= 0. When
a(t)≪ 1, Eq.(2-15) can be approximated as
√
a a˙ ≈
√
Kc
3
√
η (2− 16)
a3/2 ≈ 3
2
√
Kc
3
√
η t (2− 17)
a(t) ∼ t2/3 (2− 18)
For the energy density ρϕ (2-9) and pressure pϕ (2-10) of B-I scalar field, there is no violation
of the strong energy condition. In universe with B-I scalar field without potential, there is
no a phase of accelerating expansion.
From Eqs.(2-9)(2-10)and (2-12), we have
ω =
pϕ
ρϕ
=
a3√
a6 + ηc2
(2− 19)
and can see
0 ≤ ω ≤ 1 (2− 20)
In Sec.3, it is different that we find the universe accelerating expansion.
3 The Model with Lagrangian of
1
η
[1−
√
1− ηgµνϕ, µϕ, ν ]− u(ϕ)
From Eq.(2-9) and lagrangian, we can get
T 00 = ρϕ = u−
1
η
+
1
η
√
1− ηϕ˙2 (3− 1)
−T ii = pϕ =
1
η
[1−
√
1− ηϕ˙2]− u (3− 2)
When u > 0, so we can always find ρϕ > 0.
From Eqs.(3-1)and (3-2), we have
ρϕ + 3pϕ =
2
η
− 2u+ 3ηϕ˙
2 − 2
η
√
1− ηϕ˙2 (3− 3)
5
When potential is greater than
1
η
(
1
η
is two times as ”critical” kinetic energy of ϕ field). And
the kinetic energy of ϕ field evolves to region of ϕ˙2 <
2
3η
, we have ρϕ+3pϕ < 0 from Eq.(3-3).
The universe undergoes a phase of accelerating expansion.
From Eqs.(3-1)and (3-2), we also can get
pϕ + ρϕ =
ϕ˙2√
1− ηϕ˙2 > 0 (3− 4)
Eq.(3-4) could be written as
ω =
pϕ
ρϕ
> −1 (3− 5)
when ϕ˙ approximation zero pϕ = −ρϕ. The universe is dominated by the potential. It will
undergo inflation phase. In next section, we consider the case that the kinetic energy term
is negative.
4 The Model with Lagrangian of
1
η
[1−√1 + ηgµνϕ, µϕ, ν]− u(ϕ)
In this section we consider the case that the kinetic energy term is negative.
L =
1
η
[1−
√
1 + ηgµνϕ, µϕ, ν ]− u(ϕ) (4− 1)
The Energy-moment tensor is
T µν = −
gµνϕ, νϕ, ρ√
1 + ηgµνϕ, µϕ, ν
− δµνL (4− 2)
From Eq.(4-2), we have
ρ = T 00 =
1
η
√
1 + ηϕ˙2
− 1
η
+ u (4− 3)
p = −T ii =
1
η
−
√
1 + ηϕ˙2
η
− u (4− 4)
From Eqs.(4-3) and (4-4), we get
ρ+ p = − ϕ˙
2√
1 + ηϕ˙2
(4− 5)
It is clear that the equation of static ω < −1 is completely confirmed by Eq.(4-5)and it
accords with the recent analysis of observation data. We also can get
ρ+ 3p =
2
η
[
−2− 3ηϕ˙2√
1 + ηϕ˙2
]
− 2u (4− 6)
6
It is obvious that ρ + 3p < 0. Eq.(4-6)shows that the universe is undergoing a phase of
accelerating expansion. The model of phantom B-I scalar field without potential u(ϕ) is hard
to understand. In this model we can always find ρ =
1
η
√
1 + ηϕ˙2
− 1
η
< 0 and
(
a˙
a
)2
=
K
3
ρ <
0. It is unreasonable apparently. However, in the model of phantom B-I scalar field with
potential u(ϕ), when u(ϕ) >
1
η
− 1
η
√
1 + ηϕ˙2
, ρ is always greater than zero. In phantom B-I
scalar model with a potential u(ϕ), we also find the strong and weak energy condition always
failed from Eqs.(4-5)and (4-6).
We investigate the case of a specific simple example u = u0 = const and u0− 1
η
=
A
η
(A >
0). Eq.(4-3) becomes
ρ =
1
η
√
1 + ηϕ˙2
+
A
η
(4− 7)
It is clear that there is ρ > 0 from Eq.(4-7). Substituting Eq.(4-7) into Einstein equation, we
have (
a˙
a
)2
=
K
3
[
1
η
√
1 + ηϕ˙2
+
A
η
]
(4− 8)
The equation of motion of phantom field is
1√−g
∂
∂xν
[ √−ggµνϕ, µ√
1 + ηgµνϕ, µϕ, ν
]
= 0 (4− 9)
The field ϕ only depends on t. We can obtain from Eq.(4-9)
ϕ˙ =
C√
a6 − ηC2 (4− 10)
where C is integrate constant. Substituting Eq.(4-10) into Eq.(4-8), the Eq.(4-8)becomes
a˙ =
√
Ka2
3η
[√
1− ηC2a−6 +A
]
(4− 11)
The smallest amin = (ηC
2)1/6 from Eq.(4-11), the universe is non-singular. When the universe
scalar approximation amin, Eq.(4-11) becomes
a˙ =
√
KA
3η
a (4− 12)
a ∼ exp
(√
KA
3η
t
)
(4− 13)
When a→∞, Eq.(4-11) becomes
a˙ =
√
K(A+ 1)
3η
a (4− 14)
7
a ∼ exp
(√
K(A+ 1)
3η
t
)
(4− 15)
In our phantom model with potential, the universe is always undergoing a phase of inflation
and gradually enters the more accelerated expansion in late time.
5 Summary
We considers cosmological solution of B-I type scalar field without the potential and
come to the conclusion that the equation of state parameter 0 < ω < 1. However, in the dark
energy models of canonical B-I scalar field with potential, the universe is undergoing a phase
of accelerating expansion if the potential rolls down to the minimum which is greater than
1
η
while scalar field evolves into region of ϕ˙2 <
2
3η
. Correspondingly the equation of state
parameter ω is always greater than −1. This model admits a late time attractor solution that
leads to an equation of state ω = −1. The lagrangian of B-I type scalar field with negative
kinetic energy also is considered by us. In the phantom B-I scalar model, the universe is un-
dergoing a phase of accelerating expansion and the equation of state parameter ω is always
smaller than −1. It accords with the recent analysis of the observation that the equation of
state parameter of dark energy might be smaller than −1.
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